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E-mail address: aboudi@eng.tau.ac.ilThe time-dependent elastic ﬁeld generated by the sudden formation of localized cracks in periodically lay-
ered composites which has been initially subjected to a system of stresses is determined. Similarly, the
elastic ﬁeld caused by the diffraction of an incident plane pulse in elastic material with a localized crack,
cavity or inclusion is established. As a result of these localized effects the periodicity of the system is lost
and a repeating unit cell in the composite cannot be identiﬁed and analyzed anymore. These effects are
represented, in conjunction with the continuum damage mechanic concepts, by eigenstresses which for
the general case of an orthotropic constituent include nine independent damage variables. The method
of solution is based on the combination of two distinct approach. In the ﬁrst one, the representative cell
method is employed according to which the periodic composite, which is discretized into several cells,
is reduced to a problem of a single cell in the discrete Fourier transform domain. The resulting elastody-
namic equations, initial, boundary and interfacial conditions in the transform domain are solved by
employing a wave propagation in composite analysis which forms the second approach. This theory has
been presently generalized to include the initial stresses in the composite and to accommodate the eigen-
stresses which include the damage variables. The accuracy and reliability of the present method of solu-
tion is veriﬁed by comparisons with ﬁve different cases where either analytical solutions are available or a
different method of analysis is used. Five applications are presented which include, in particular, the pre-
diction of the dynamic ﬁeld generated by the sudden appearance of H-cracks in a periodically layered cera-
mic matrix composite that is subjected to initial in-plane tension, in-plane and out-of-plane shears.
 2012 Elsevier Ltd. All rights reserved.1. Introduction directions. This type of cracking forms in ceramic matrix compos-The investigation of the response of composite materials to
dynamic loading is of a technological importance since they are
frequently subjected to sudden load applications. The
understanding of their behavior under dynamic loading may be
utilized in non-destructive evaluations. This is particularly so when
the composite may include defects such as cracks, cavities and
inclusions (Sih and Chen, 1981).
In a recent investigation, Aboudi and Ryvkin (2011) proposed a
methodology for the prediction of the response of periodically lay-
ered composites that are subjected to initial stresses as a result of
which transverse cracks suddenly appears. The method of solution
was based on the construction of dynamic Green’s functions which
by superimposing their resulting ﬁeld at any instant on the initial
stresses, result in traction-free cracks. This approach was success-
ful for transverse cracks which are oriented in the perpendicular
direction to the layering.
In the present article a different approach is offered for the anal-
ysis of periodically layered composite with cracks oriented in bothll rights reserved.ites in which a transverse crack perpendicular to the layering
direction leads to layer debonding on the opposite sides of the
layer thus forming two longitudinal cracks (i.e., an H-crack). This
type of ﬂaw has been extensively investigated, see He and
Hutchinson (1989), Chan et al. (1993), and Leguillon et al. (2000)
for example. In addition, the time-dependent response to the sud-
den formations of cavities and inclusions in the surrounding initially
stressed material is another type of problems that can be investi-
gated by the present development. It should be emphasized that
due to the appearance of these localized ﬂaws in periodically lay-
ered composites, the periodicity is lost and the method of solution
cannot be based on the identiﬁcation and analysis a repeating unit
cell anymore. It is worth mentioning that several attempts for the
construction of dynamic Green’s functions approach that was fol-
lowed by Aboudi and Ryvkin (2011) failed to generate the correct
ﬁeld in the case of periodically layered composite with an H-crack.
In the present investigation, the localized effects are modeled
by utilizing the concepts of continuum damage mechanics, see
Voyiadjis and Kattan (2005) and Lemaitre and Desmorat (2005),
for example. To this end, the constitutive equations are formulated
by the inclusion of terms which involve damage variables and
subsequently representing these terms as eigenstresses. This novel
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Ryvkin (2012) in elastostatic problems and is further generalized
here to the present elastodynamic case.
The present methodology is based on the combination of two
distinct approaches. In the ﬁrst one, referred to as the representa-
tive cell method which for the static case was formulated by
Ryvkin and Nuller (1997), the discrete Fourier transform is applied
on the periodic composite in which the localized effects have been
included. As a result, a representative cell elastodynamic problem
with initial and speciﬁc boundary conditions is obtained in the
transform domain which requires the analysis of just a single cell
which is a signiﬁcant advantage. The second approach forms the
method of solution of the representative cell dynamic initial-
boundary value problem in the Fourier transform domain. This is
performed by adopting the continuum wave propagation in com-
posites analysis that was originally proposed by Aboudi (1987),
but was conﬁned to speciﬁc types of dynamic loadings that re-
quired the existence of certain symmetries. This analysis has been
generalized by Aboudi and Ryvkin (2011) to accommodate any
type of loading irrespective whether symmetry exists or not. In
the present investigation a further generalization of the wave
propagation in composites analysis is needed to accommodate
the initial stresses that may exist prior to the formation of the
ﬂaws and to include the aforementioned time-dependent eigen-
stresses which involve the damage variables. In the framework of
this analysis the (single) representative cell is divided into several
subcells and the transformed time-dependent displacements are
expressed by second-order expansion in terms of local coordinates
of the subcells. The elastodynamic equations and all the relevant
interfacial continuity and boundary conditions of the displace-
ments and tractions are imposed in the average sense. The inverse
transform provides the actual ﬁeld variables at any point in the
considered region.
The accuracy of the present method of solution is veriﬁed in ﬁve
distinct circumstances for which analytical or a different solution
methodology exists. These include the sudden appearance in an
initially stressed solid of semi-inﬁnite cracks in Mode I and III
deformation, the diffraction of horizontally shear waves in a mate-
rial with a semi-inﬁnite crack, unloading waves emanating from
the sudden formation of a cavity and the sudden break of a single
layer in a periodically layered composite.
This article is organized as follows. It starts by the formulation
of the problem where the constitutive equations of the orthotropic
material are presented with eigenstresses which involve nine inde-
pendent damage variables (isotropic materials would involve two
independent damage variables). This is followed by the method
of solution section where the representative cell method and the
wave propagation in composite analyses are presented and dis-
cussed. The details of the latter which includes the initial stresses
and the eigenstresses are given in the Appendix. For periodically
layered composites subjected to initial stresses, the corresponding
induced initial strains distributions in the composit’s layers are
established. For a ﬁber reinforced material, on the other hand, a
micromechanical analysis must be employed for the determination
of the initial strains distribution in the constituents. The next sec-
tion gives the details of the veriﬁcations of the offered method of
solution followed by ﬁve types of applications. The article is con-
cluded by a summary and possible future research.2. Problem formulation
Consider a linearly elastic composite which is initially subjected
to a system of stresses r0. It is assumed that at time t ¼ 0 ﬂaws of
certain conﬁgurations suddenly appear. Fig. 1(a) shows, for exam-
ple, a periodically layered composites with two longitudinal cracksextending in the x2-direction together with a transverse crack in
the x3-direction thus forming an H-crack which is assumed to ap-
pear at t ¼ 0. In the absence of the two longitudinal cracks a peri-
odically layered composite with a broken layer is obtained. In the
absence of any ﬂaw, a periodically layered composite is obtained.
For isotropic layers, the overall behavior of the composite can be
described by an equivalent transversely isotropic material in which
the axis of symmetry is oriented in the x3-direction. The ﬁve effec-
tive elastic constants are given in a closed-form manner by Postma
(1955). In the absence of layering, these two conﬁgurations corre-
spond to an initially stressed homogeneous material with a sudden
formation of an H-crack and transverse crack, respectively. The
sudden formation of the cracks in the latter case can be replaced,
for example, by the sudden appearance of a circular cavity in
homogeneous material. In the present investigation, the dynamic
ﬁeld at t > 0 that is caused by the sudden formation of these de-
fects is sought.
It is also possible to consider the periodically layered composite
with cracks but in the absence of initial stresses (r0 ¼ 0). In this
case the composite is excited by the application at time t ¼ 0 of
a time-dependent loading. The resulting dynamic ﬁeld which is
predicted by the present analysis describes the time variations of
the composite’s response to this impulsive loading.
The constitutive equations of the considered materials are given
by:
rjk ¼ Cjklmlm; j; k; l;m ¼ 1;2;3; ð1Þ
where rjk, jk and Cjklm are the components of the stress, strain and
stiffness tensors, respectively. The latter tensor is assumed to repre-
sent, in general, orthotropic materials (with nine independent con-
stants). Eq. (1) can be re-written in reduced notation as:
rp ¼
X6
q¼1
Cpqq; p ¼ 1;2; . . . ;6: ð2Þ
In order to include damage effects in the periodically layered
material which, as shown in the following, will enable the model-
ing of these defects, nine independent damage variables
0 6 Dpq 6 1, p; q ¼ 1;2; . . . ;6, are introduced to be associated with
the corresponding nine independent stiffness constants Cpq. Thus,
Eq. (2) takes the form
rp ¼
X6
q¼1
Cpqð1 DpqÞq; p ¼ 1;2; . . . ;6: ð3Þ
As in Aboudi and Ryvkin (2012), this equation is re-written in the
form
rp ¼
X6
q¼1
Cpqq  rep; p ¼ 1;2; . . . ;6; ð4Þ
where rep are eigentresses whose time-dependent components are:
rep ¼
X6
q¼1
DpqCpqq; p ¼ 1;2; . . . ;6: ð5Þ
For elastic isotropic materials just two independent damage vari-
ables would be needed, c.f., Ju (1990).
For cracks and cavities, Dpq ¼ 1 in the regions at which they are
located. For soft inclusions (with respect to the surrounding ma-
trix) the entire region is characterized by the stiffness properties
of the matrix and the values of 0 6 Dpq 6 1 are appropriately deter-
mined by the corresponding values of Cpq. Assume, for example,
that CðIÞ11;C
ðIÞ
12 and C
ðmÞ
11 ; C
ðmÞ
12 are the two independent constants of
the inclusion and the surrounding matrix. Then the soft inclusion
will be modeled by setting D11 ¼ 1 CðIÞ11=CðmÞ11 and
D12 ¼ 1 CðIÞ12=CðmÞ12 within the inclusion region and D11 ¼ D12 ¼ 0
(a)
(b)
(c)
Fig. 1. (a) A periodically layered composite with an H-crack. The layered composite is subjected to initial stresses r022 and r033. (b) A region 2H  2L of the composite is divided
by repeating cells labeled by ðK2;K3Þ, the size of every one of which is 2h 2l. (c) A characteristic cell ðK2;K3Þ in which local coordinates ðx02; x03Þ are introduced. This cell which
comprises the two materials is discretized into Nb  Nc subcells. (d) A typical subcell ðbcÞ in which a local system of coordinates ðxðbÞ2 ; xðcÞ3 Þ is introduced the origin of which is
located at the center. The size of the subcell is hb  lc .
458 J. Aboudi / International Journal of Solids and Structures 50 (2013) 456–471elsewhere. For a stiff inclusion, on the other hand, the entire region
is characterized by the stiffness properties of the inclusion and
D11 ¼ 1 CðmÞ11 =CðIÞ11 and D12 ¼ 1 CðmÞ12 =CðIÞ12 in the surrounding ma-
trix region, whereas D11 ¼ D12 ¼ 0 within the inclusion.
It should be emphasized that the introduction of the damage
variables 0 6 Dpq 6 1 in Eq. (3) or (4) forms a mean to deteriorate
the values of the elastic stiffness elements Cpq. Thus, for soft inclu-
sions (with respect to the surrounding matrix) for example,
0 6 Dpq 6 1 are appropriately selected in the speciﬁc regions only
where the inclusions are located. To analyze cavities, on the other
hand, Dpq ¼ 1 in the regions where they are located so that the Cpq
would vanish there. When a crack is considered, setting Dpq ¼ 1 in
the region along its line reduces the elastic stiffnesses there to zero.
In all the other regions where no ﬂaws in the form of soft inclu-
sions, cavities or cracks exist, Dpq ¼ 0.
The elastodynamic equations of the material that governs its
motion are
rjk;k ¼ q d
2
dt2
uj; j; k ¼ 1;2;3; ð6Þ
where uj are the time-dependent displacement vector components
and q is the mass density of the relevant material. These equations
must be satisﬁed in every layer, in conjunction with the interfacial,boundary and the initially applied stress r0, as discussed in the
following.3. Method of solution
The method of solution of the problems of the type described
above is based on the combination of the representative cell meth-
od which was originally presented by Ryvkin and Nuller (1997) in
the elastostatic case, and the generalized analysis of wave propaga-
tion in composites which was originally presented by Aboudi
(1987) and more recently by Aboudi and Ryvkin (2011). Further
generalization of the latter analysis is presently needed to incorpo-
rate the presence of initial stresses r0 and the eigenstresses re.3.1. The representative cell method
According to the representative cell method (not to be confused
with the representative volume element (RVE) concept which
obviously does not exist in composites with localized damage that
are considered in the present investigation) a rectangular region
H 6 x2 6 H, L 6 x3 6 L of the periodically layered composite is
considered which includes the localized damage region, see
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(Fig. 1(b) is shown for M2 ¼ M3 ¼ 2). Every cell is labeled by the
pair ðK2;K3Þ with K2 ¼ M2; . . . ;M2 and K3 ¼ M3; . . . ;M3. In each
cell, local coordinates ðx02; x03Þ are introduced whose origins are lo-
cated at its center, Fig. 1(c).
The elastodynamic Eqs. (6) of the material within cell ðK2;K3Þ
take the form
rðK2 ;K3Þjk;k ¼ q
d2
dt2
uðK2 ;K3Þj : ð7Þ
The constitutive Eqs. (4) in the cell can be written as
rðK2 ;K3Þp ¼
X6
q¼1
CpqðK2 ;K3Þq  reðK2 ;K3Þp ; ð8Þ
where the components of the eigenstress are
reðK2 ;K3Þp ¼
X6
q¼1
DpqCpqðK2 ;K3Þq : ð9Þ
In order to formulate the continuity conditions that the various
variables should fulﬁll, let us deﬁne the vectors V ðK2 ;K3Þr
V ðK2 ;K3Þr ¼ u1r ;u2r ;u3r ;r1r ;r2r ;r3r½ ðK2 ;K3Þ; r ¼ 2;3: ð10Þ
These vectors assemble the time-dependent components of the dis-
placements uðK2 ;K3Þ1r , u
ðK2 ;K3Þ
2r , u
ðK2 ;K3Þ
3r ; and traction components r
ðK2 ;K3Þ
1r ,
rðK2 ;K3Þ2r , r
ðK2 ;K3Þ
3r on a plane perpendicular to the xr-axis at the cell
ðK2;K3Þ.
The continuity of displacements and tractions between adjacent
cells should be imposed. Thus,
V2ðh; x03; tÞ
 ðK2 ;K3Þ  V2ðh; x03; tÞ ðK2þ1;K3Þ ¼ 0; ð11Þ
where K2 ¼ M2; . . . ;M2  1, K3 ¼ M3; . . . ;M3;l 6 x03 6 l, and
V3ðx02; l; tÞ
 ðK2 ;K3Þ  V3ðx02;l; tÞ ðK2 ;K3þ1Þ ¼ 0; ð12Þ
where K2 ¼ M2; . . . ;M2, K3 ¼ M3; . . . ;M3  1;h 6 x02 6 h.
In the following, the boundary conditions that specify the elas-
tic ﬁeld at the opposite sides x2 ¼ H, x3 ¼ L of the rectangle of
Fig. 1(b) are presented. At any instant, the tractions at the opposite
sides of the rectangular domain are equal:
rðM2 ;K3Þ2j ðh; x03; tÞ  rðM2 ;K3Þ2j ðh; x03; tÞ ¼ 0;
K3 ¼ M3; . . . ;M3; j ¼ 1;2;3; l 6 x03 6 l; ð13Þ
and
rðK2 ;M3Þ3j ðx02; l; tÞ  rðK2 ;M3Þ3j ðx02;l; tÞ ¼ 0;
K2 ¼ M2; . . . ;M2; j ¼ 1;2;3; h 6 x02 6 h: ð14Þ
Eqs. (13) and (14) are valid in the following two cases.
(a)When the boundaries atH andL are taken tobe sufﬁciently
far away from the localized damage such that the elastic ﬁeld there
can be assumed to be unaffected by the perturbation. This approach
has been implemented in the elastostatic case byAboudi and Ryvkin
(2012), Ryvkin and Aboudi (2012) and Aboudi (2012).
(b) The localized damage is symmetrically located within the
composite such that equal tractions exist at the opposite bound-
aries H and L.
The displacements at the opposite sides H and L differ by
certain time-dependent amounts as follows
uðM2 ;K3Þðh; x03; tÞ  uðM2 ;K3Þðh; x03; tÞ ¼ d2ðtÞ;
K3 ¼ M3; . . . ;M3; l 6 x03 6 l ð15Þ
and
uðK2 ;M3Þðx02; l; tÞ  uðK2 ;M3Þðx02;l; tÞ ¼ d3ðtÞ;
K2 ¼ M2; . . . ;M2; h 6 x02 6 h; ð16Þwhere d2ðtÞ and d3ðtÞ denote these displacement differences which
are time-dependent. In case (a), the far-ﬁeld displacement differ-
ences are given by
d2jðtÞ ¼ 2H2jðtÞ; d3jðtÞ ¼ 2L3jðtÞ; j ¼ 1;2;3; ð17Þ
where 2jðtÞ and 3jðtÞ are the current average strains of the unper-
turbed composite. In the elastostatic case, they can be determined
from the effective compliance tensor S which can be established
by utilizing Postma (1955) derivation for composites with periodic
isotropic layers, or by employing the high-ﬁdelity generalized
method cells micromechanical model Aboudi (2004) for ﬁber rein-
forced composites with periodic microstructure. In case (b), the dis-
placement loadings are applied at H and L. Here, d2ðtÞ and d3ðtÞ
are given by the differences between the applied displacements at
these boundaries.
The double discrete Fourier of the displacement vector uðK2 ;K3Þ
(for example) is deﬁned by
u^ðx02;x03;/p;/q;tÞ¼
XM2
K2¼M2
XM3
K3¼M3
uðK2 ;K3Þðx02;x03;tÞexp iðK2/pþK3/qÞ
 
;
ð18Þ
where
/p ¼
2pp
2M2 þ 1 ; p ¼ 0;1;2; . . . ;M2; /q ¼
2pq
2M3 þ 1 ;
q ¼ 0;1;2; . . . ;M3:
The application of this transform to the boundary problem (7)–
(16) for the rectangular domain H < x2 < H, L < x3 < L, divided
into ð2M2 þ 1Þð2M3 þ 1Þ cells, converts it to the problem for the
single representative cell h < x02 < h, l < x03 < l with respect to
the complex valued transforms. The elastodynamic and constitu-
tive equations have the form
r^jk;k ¼ q d
2
dt2
u^j ð19Þ
and
r^p ¼
X6
q¼1
Cpq^q  r^ep; ð20Þ
where the components of the transformed eigenﬁeld vector compo-
nents are given by
r^ep ¼
X6
q¼1
CpqDpq^q: ð21Þ
The conditions relating the opposite boundaries of the representa-
tive cell in an elastostatic problemwere derived by Aboudi and Ryv-
kin (2012). By generalizing their approach to the present
elastodynamic problem, one obtains from (11)–(16) that
r^2jðh; x03; tÞ ¼ expði/pÞr^2jðh; x03; tÞ; l 6 x03 6 l; j ¼ 1;2;3;
ð22Þ
u^ðh; x03; tÞ ¼ expði/pÞu^ðh; x03; tÞ
þ d0;qð2M3 þ 1Þd2ðtÞ expði/pM2Þ; l 6 x03 6 l; ð23Þ
and
r^3jðx02; l; tÞ ¼ expði/qÞr^3jðx02;l; tÞ; h 6 x02 6 h; j ¼ 1;2;3;
ð24Þ
u^ðx02; l; tÞ ¼ expði/qÞu^ðx02;l; tÞ
þ d0;pð2M2 þ 1Þd3ðtÞ expði/qM3Þ; h 6 x02 6 h; ð25Þ
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denotes the Kronecker delta.
3.2. Wave propagation in composites analysis
The representative cell initial-boundary value problem (19)–
(25), formulated in the transform domain where the identity of
the cells disappeared, is solved by employing the analysis for wave
propagation in composite materials that was described by Aboudi
and Ryvkin (2011). According to this theory, the domain
h 6 x02 6 h, l 6 x03 6 l (the representative cell) is divided into
several rectangular subcells. The transformed time-dependent dis-
placement vector is expanded into a second-order polynomial, and
the transformed elastodynamic equations, interfacial and bound-
ary conditions are imposed in the average (integral) sense. As a re-
sult, a system of ordinary differential equations is obtained whose
solution determine at any instant the ﬁeld variables in the trans-
form domain. Since in the present problem initial stresses r0 and
eigenstresses re are incorporated in the theory, the wave propaga-
tion in composites analysis which includes these contributions is
condensed in the Appendix.
As a result of the imposed initial stress r0, this analysis requires
the knowledge of the resulting strains in the phases caused by the
externally applied r0.
For a homogeneous material with localized damage, 0 is sim-
ply given by
0jk ¼ Sjklmr0lm; j; k; l;m ¼ 1;2;3; ð26Þ
where Sjklm are the components of the compliance tensor (S ¼ C1).
From this relation the expressions for ^0 in the transform domain
can be readily established.
For a periodically layered material, the resulting strains in the
two layers (labeled by f and m) are determined from the following
conditions (see Fig. 1(a)).
0ðf Þ11 ¼ 0ðmÞ11 ;
0ðf Þ22 ¼ 0ðmÞ22 ;
r0ðf Þ33 ¼ r0ðmÞ33 ¼ r033;
tfr0ðf Þ11 þ tmr0ðmÞ11 ¼ ðtf þ tmÞr011;
tfr0ðf Þ22 þ tmr0ðmÞ22 ¼ ðtf þ tmÞr022:
ð27Þ
In addition,
0ðf Þ23 ¼
r033
2Cðf Þ44
; 0ðmÞ23 ¼
r033
2CðmÞ44
;
0ðf Þ13 ¼
r013
2Cðf Þ55
; 0ðmÞ13 ¼
r013
2CðmÞ55
;
0ðf Þ12 ¼
r012
2GT
; 0ðmÞ12 ¼
r012
2GT
;
ð28Þ
where GT ¼ ðtf Cðf Þ66 þ tmCðmÞ66 Þ=ðtf þ tmÞ, being the effective transverse
shear modulus. The above six algebraic Eqs. (27) together with rela-
tions (28) determine the initial strain components 0ðf Þjk and 
0ðmÞ
jk in
the layers from which ^0ðf Þjk and ^
0ðmÞ
jk in the transform domain can be
computed.
For ﬁber-reinforced composites, the resulting initial strains in
the constituents must be determined by employing a microme-
chanical analysis that provides the strain concentration tensor
AðphaseÞ which relates the strains in the phase to the externally ap-
plied strain. Together with the micromechanically predicted
effective compliance tensor S, the relations between the strains
in the phases and the externally initially applied stress r0 are gi-
ven by
0ðphaseÞ ¼ AðphaseÞ : S : r0 ð29Þsee Aboudi (2004), for details. Thus the transformed strains in the
phase ^0ðphaseÞ can be micromechanically established.
Once the solution in the transform domain has been established
at time t, the actual elastic ﬁeld can be readily determined at any
point in the desired cell ðK2;K3Þ of the considered rectangular re-
gion H 6 x2 6 H, L 6 x3 6 L by the inverse transform formula
whose form for the displacements, for example, is:
uðK2 ;K3Þðx02;x03; tÞ ¼
1
ð2M2þ1Þð2M3þ1Þ
XM2
p¼M2
XM3
q¼M3
u^ðx02;x03;/p;/q; tÞ
exp iðK2/pþK3/qÞ
 
: ð30Þ
It should be noted that in the elastostatic case the eigenstress re
is not known in advance and therefore, an iterative procedure was
needed to establish the solution, see Aboudi and Ryvkin (2012). In
the present elastodynamic case, on the other hand, the eigenstress
re, just like the other ﬁeld variables, being established at time t, the
incremental procedure Eq. (A.54) readily provides the elastic ﬁeld
at the next time t þ Dt and no iterations are required.
4. Veriﬁcations
In the present section, the reliability of the offered approach for
the prediction of the dynamic ﬁeld distributions caused by the sud-
den formation of a localized damage or the diffraction of a plane
pulse by a semi-inﬁnite crack is veriﬁed by comparisons with
either analytical solutions or other method of analysis. In all cases
presented in the following, the representative cell, Fig. 1(c), is se-
lected as a square: 2h ¼ 2l, which is divided into Nb ¼ Nc ¼ 50
square subcells hb ¼ lc ¼ 2h=50, Fig. 1(d).
4.1. The sudden formation of a semi-inﬁnite crack in homogeneous
material: mode I and III deformations
In Fig. 2(a) and (b), comparisons between the present approach
and the analytical solution of Baker (1962) for the sudden appear-
ance of a semi-inﬁnite crack in a homogeneous elastic isotropic
material in Mode I deformation are presented. The material is ini-
tially subjected to a stress r022 in the absence of applied displace-
ments, i.e., d2 ¼ d3 ¼ 0 in Eqs. (15) and (16). The semi-inﬁnite
crack appears at time t ¼ 0 and extends along x3=ð2lÞ 6 1:5 at
x2 ¼ 0. The generated stress r22 variations (normalized with re-
spect to r022) ahead of the crack tip at time cpt=ð2lÞ ¼ 1 and 2 are
shown in this ﬁgure, where cp is the compressional wave speed
in this material whose Poisson’s ratio is m ¼ 0:33. Excellent agree-
ments with the analytical solution of Baker (1962) in both times
can be observed.
Consider next the corresponding Mode III deformations gener-
ated by the sudden formation of a semi-inﬁnite crack in the same
material which is initially subjected to a stress r012. Here, a simple
closed-form solution exists which for a semi-inﬁnite crack extend-
ing along x3 6 0 it can be written in the form (see Freund (1990),
for example)
r12ð0; x3; tÞ ¼ 2r
0
12
p
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
cst  x3
x3
r
 tan1
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
cst  x3
x3
r 
; ð31Þ
where cs is the shear wave speed in the material. Fig. 2(c) and (d)
show the comparisons at time cst=ð2lÞ ¼ 1 and 2 between the pres-
ent approach and the above closed-form solution. Here too excel-
lent agreements exist.
4.2. Diffraction of horizontal shear waves by a semi-inﬁnite crack
An analytical solution for the wave motion generated by SH
plane pulse diffracted by a semi-inﬁnite crack which extends along
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Rubenfeld (1969). The incident wave whose front is parallel to
the crack is described by the displacement in the x1-direction
ui1ðr; tÞ ¼ U0gðt  r sin h=csÞ; ð32Þ
where ðr; hÞ is a polar coordinate system whose origin is located at
the tip of the crack, U0 is an amplitude factor and gðtÞ is a function
that describes the temporal dependence with gðtÞ ¼ 0 for t 6 0, ris-
ing to gðtÞ ¼ 1 for t P t0. In (32), t denotes the instant at which the
wave strikes the crack. The diffracted wave is given by the
displacement
ud1ðr; tÞ ¼
Z t
r=cs
gðt  sÞwðr; h; sÞds
" #
Hðt  r=csÞ ð33Þ
with HðxÞ being the Heaviside unit function and
wðr; h; tÞ ¼ 1
p
ﬃﬃﬃﬃﬃﬃ
sTr
2
r
sinðp4  h2Þ
t  sTr cosðp2  hÞ
þ sinð
p
4 þ h2Þ
t  sTr cosðp2 þ hÞ
 
Hðt  sTrÞﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
t  sTr
p
ð34Þ
and sT ¼ 1=cs. The diffracted stress components rd1r and rd1h can be
immediately determined from Eq. (33) and thus the total stress(a)
(c)
Fig. 2. The induced stress variations ahead of the tip caused by the sudden formation of
stressed inﬁnite medium. Comparisons between the present and analytical approaches.r12 caused by the incident and diffracted waves can be
established.
In order to generate the diffracted waves described above, a
vanishing initial stress r0 ¼ 0 is assumed, whereas the boundary
conditions in Eq. (15) are taken as
d21ðtÞ ¼ 2U0gðtÞ; d22 ¼ d23 ¼ 0; x2 ¼ H ð35Þwith cst0=ð2hÞ ¼ 0:1. These boundary conditions are applied at
x2 ¼ H which is at distance h away from the crack line and there-
fore, the incident wave strikes the crack at time t ¼ cst=ð2hÞ ¼ 0:5.
In order to ensure that no reﬂected waves arrive from the opposite
boundary at x2 ¼ H, the parameter M2 is taken to be sufﬁciently
large. Fig. 3(a)–(c) show comparisons between the resulting stresses
r12 obtained by the present approach and the above analytical solu-
tion at time cst=ð2hÞ ¼ 1, 2 and 3. In this ﬁgure, the semi-inﬁnite
crack extends along x3=ð2lÞP 1:5 at x2 ¼ H  h. It is clearly seen
that excellent correspondence between the two solutions exists.
It should be noted that the present application illustrates the
case when the response is not caused by the sudden formation of
a ﬂaw (presently a crack) in conjunction with existing initial stres-
ses. Rather, a time-dependent loading, Eq. (32), has been applied in
the absence of initial stresses.(b)
(d)
a semi-inﬁnite crack which is extending along x3=ð2lÞ 6 1:5 at x2 ¼ 0 of an initially
(a)-(b) Mode I deformations, (c)-(d) Mode III deformations.
(a) (b)
(c)
Fig. 3. The stress r12 variations, normalized with respect to r^12 ¼ lU0=ð2lÞwhere l is the rigidity of the material, ahead of the tip of a semi-inﬁnite crack which is extending
along x3=ð2lÞP 1:5 at x2 ¼ 0. Comparisons between the present and analytical approaches. The deformation has been generated by an incident SH wave at: (a) cst=ð2lÞ ¼ 1,
(b) cst=ð2lÞ ¼ 2 and (c) cst=ð2lÞ ¼ 3.
Table 1
Material constants of the Nicalon and glass ceramic layers.
Material E (GPa) m q (kg/m3)
Nicalon 420 0.3 3100
Glass 70 0.2 2550
E, m and q denote the Young’s modulus, Poisson’s ratio and mass density,
respectively.
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layer
Fig. 1(a) shows a periodically layered composite with a trans-
verse and two longitudinal cracks. In the absence of the latter
two cracks a layered composite with a broken layer is obtained.
Periodically layered composites with a broken layer under dy-
namic loading have been extensively investigated by Aboudi and
Ryvkin (2011). The analysis there was based on generating dy-
namic Green functions which together with the pre-stress ﬁeld
yields a traction-free crack. This approach can be employed to as-
sess the validity of the present method which is based on the con-
cept of continuum damage and eigenstresses. To this end consider
a Nicalon/glass periodically layered ceramic composite. The prop-
erties of these materials are given in Table 1 and layers widths
tf ¼ tm. The initially applied stress on the composite is r022, which
results in a system of induced strains in the layers which can be
determined by solving the six equations given by Eq. (27). As a re-
sult, the transverse crack forms at time t ¼ 0. Fig. 4(a) and (b) show
the resulting comparisons of the stress variations r22=r022 along the
crack line x3 at x2 ¼ 0 across the layers at time cGp t=2l ¼ 1 and 2,
where cGp is the longitudinal wave speed in the glass layer. Excel-
lent agreement between the predictions of the entirely different
approaches can be observed.
4.4. Unloading waves emanating from a punched hole
As a last test for the veriﬁcation of the present approach, con-
sider the problem of unloading waves generated from a suddenlypunched hole of radius a of a stretched elastic material. This
problem has been solved analytically by Miklowitz (1960) in
the framework of plane stress analysis for a thin plate. As
indicated by Miklowitz (1960), the dynamic stresses created dur-
ing the punching process might provide information on the issue
of plugging in armor-perforation studies since high values of
circumferential stresses near the hole could create radial
cracks.
In terms of the polar coordinates ðr; hÞ, the elastic plate is sub-
jected to an initial stress r0rr which rises from zero at time t ¼ 0
to its ﬁnal value r0 at t P t0. The resulting circumferential stress
rhh at position r and time t is given by
rhhðr; tÞ
r0
¼ a
2
2t0r2
t  r  a
c
 
 1
t0p
f ðr; tÞ; r  a
c
< t <
r  a
c
þ t0
ð36Þ
and
(a) (b)
Fig. 4. Periodically layered Nicalon/glass composite with a transverse crack in a glass layer. Comparisons between the stress r22=r022 variations along the crack line as
predicted by the dynamic Green’s functions and the present approaches. (a) cGp t=ð2lÞ ¼ 1, (b) cGp t=ð2lÞ ¼ 2.
(a) (b)
Fig. 5. The sudden formation of a circular cavity in elastic material which is initially to a biaxial stretch r022 ¼ r033 ¼ r0. The ﬁgure shows comparisons between the analytical
and present approach of the variations of the resulting stress r22=r0 along x3 at x2 ¼ 0. (a) cpt=ð2lÞ ¼ 1 and (b) cpt=ð2lÞ ¼ 2.
(a) (b)
Fig. 6. The sudden formation of a circular cavity in elastic material initially stretched to r022 ¼ r0. The ﬁgure shows the variations of the resulting stress r22=r0 along x3 at
x2 ¼ 0. (a) cpt=ð2lÞ ¼ 1 and (b) cpt=ð2lÞ ¼ 2.
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(a) (b)
Fig. 7. The sudden formation of a circular cavity in elastic material initially stretched to r022 ¼ r033 ¼ r0. The ﬁgure shows the variations of the resulting stress r22=r0 along
x3 at x2 ¼ 0. (a) cpt=ð2lÞ ¼ 1 and (b) cpt=ð2lÞ ¼ 2.
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r0
¼ a
2
2t0r2
t  r  a
c
 
 1
t0p
f ðr; tÞ
 a
2
2t0r2
t  t0  r  ac
 
 1
t0p
f ðr; t  t0Þ
 
;
t >
r  a
c
þ t0: ð37Þ
The function f ðr; tÞ is given by
f ðr;tÞ¼
Z 1
0
ðAþBÞ cosðxtÞcosðx rac Þ
 þðCDÞ sinðxtÞsinðx rac Þ 
ðFþGÞx2 dx;
ð38Þ
where A; . . . ;G are expressions which are given in terms of the Bes-
sel functions of the ﬁrst and second kind. In these equations, c de-
notes the compressional wave velocity of the material in this
plane-stress formulation, namely c ¼ E=½qð1 m2Þ, where E and m
are the Young’s modulus and Poisson’s ratio, respectively.
The above analytical solution of Miklowitz (1960) is utilized
herein by its modiﬁcation from a plane stress to plane strain
formulation in the plane x2  x3. As a result of this modiﬁcation,(a)
Fig. 8. The sudden formation of a circular cavity in elastic material initially stretched to
x2 ¼ 0. (a) cst=ð2lÞ ¼ 1 and (b) cst=ð2lÞ ¼ 2.the compressional wave speed c takes the standard form
c ¼ cp ¼ Eð1 mÞ=½qð1þ mÞð1 2mÞ. In addition, the initial stress
in the present framework is speciﬁed as r022 ¼ r033 ¼ r0 which
rises from zero at t ¼ 0 to its ﬁnal value r0 at t P t0. The hole
is modeled as a cavity in the region of which the damage vari-
ables in Eq. (5) are given by Dpq ¼ 1. The radius of the circular
cavity is a=ð2lÞ ¼ 0:282 which corresponds a cavity whose area
is 0:25=ð2lÞ2.
Results are given for the sudden formation of a cavity in an elas-
tic isotropic material whose Poisson’s ratio is: m ¼ 0:33 with biaxial
initial stresses r022 ¼ r033 ¼ r0 rise time cpt0=ð2lÞ ¼ 0:1. In Fig. 5(a)
and (b) comparisons of the stress variation r22=r0 along x3 at
x2 ¼ 0 with rhh=r0 are shown at time cpt=ð2lÞ ¼ 1 and 2. Very good
agreements between the analytical solution and the present ap-
proach prediction are well exhibited.
5. Applications
Having veriﬁed the present approach by comparisons with
other methods of analyses, ﬁve applications are given herein which(b)
r012 ¼ r0. The ﬁgure shows the variations of the resulting stress r12=r0 along x3 at
Fig. 9. Dilatational wave diffraction by a Nicalon inclusion embedded in a glass matrix. The ﬁgure shows the variations of the resulting stress r22, normalized with respect to
r^22 ¼ ðkG þ 2lGÞU0=ð2lÞ where kG and lG are the Lame’ constants of the glass, along x3 at x2 ¼ H  h at various times.
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lowing elastodynamic problems.5.1. The sudden formation of a circular cavity caused by three types of
initial stresses
In the analytical solution of Miklowitz (1960) with which the
present method has been veriﬁed was for the sudden formation
of a circular cavity in an elastic material which was subjected toinitial biaxial stresses. Let us consider presently the cases in which
the initial stresses take the following form:
(a) r022 ¼ r0
(b) r022 ¼ r033 ¼ r0
(c) r012 ¼ r0
In all these three cases, the initial stress rises from zero at
time t ¼ 0 to its ﬁnal value r0 at t ¼ t0. The results of the pre-
dicted stress variations r22=r0 along x3 at x2 ¼ 0 for an elastic
Fig. 10. The stress r22=r022 distributions in the region 1 6 x2=ð2hÞ 6 1, 1 6 x3=ð2lÞ 6 1, caused by the sudden formation of an H-crack in periodically layered Nicalon/glass
composite that has been subjected to an initial tensile stress r022. The cracks are located in the weak glass layer. (a) The distribution at time cGp t=ð2hÞ ¼ 0:5, (b) at cGp t=ð2hÞ ¼ 1
and (c) at t !1.
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and (b) in Figs. 6 and 7, respectively, at times cpt=ð2lÞ ¼ 1 and
2. The initial stress rise time is cpt0=ð2lÞ ¼ 0:1. As to case (c),
Fig. 8 shows the variations of r12=r0 at time cst=ð2lÞ ¼ 1 and 2
with rise time cst0=ð2lÞ ¼ 0:1. These three ﬁgures together with
Fig. 5 exhibit the resulting stress variations caused by the sudden
appearance of the cavity under various circumstances. It should
be noted that for t !1, the well known values of the stress
concentration factors that correspond to Figs. 5–8 are 2, 3, 4
and 2, respectively.
5.2. Diffraction of longitudinal waves by a stiff a inclusion embedded in
a matrix
In Figs. 5–8, the dynamic stresses created by the sudden forma-
tion of a cavity within an inﬁnite elastic material that has been ini-
tially subjected to various types of stresses were presented.
Presently, the diffraction of dilatational waves by an inclusion
embedded within an inﬁnite elastic material is considered. It is as-
sumed that the inclusion is stiffer that the surrounding matrix.
Referring to Eq. (15), the incident dilatational pulse is applied at
time t ¼ 0 at the surface x2 ¼ H, Fig. 1(b), in the formd22ðtÞ ¼ 2U0gðtÞ; d21 ¼ d23 ¼ 0; x2 ¼ H; ð39Þwhere the time dependent function gðtÞ rises from gð0Þ at t ¼ 0 to
gðtÞ ¼ 1 at t P t0. The center of the inclusion is located at a distance
x2 ¼ h from x2 ¼ H. Speciﬁcally, the Nicalon and glass materials
which have been characterized in Table 1 are taken as the inclusion
and the matrix, respectively. The radius of the circular inclusion is
a=ð2lÞ ¼ 0:282 which corresponds an inclusion whose area is
0:25=ð2lÞ2. As previously discussed, the entire region in the present
case is characterized by the Nicalon’s elastic properties with the
damage variables appropriately speciﬁed in the inclusion and the
matrix region. The resulting response in a series of consecutive
events: cGp t=ð2hÞ ¼ 0:25 to 0:5 is shown in Fig. 9 at x2 ¼ H  h along
x3 with cGp t0=ð2hÞ ¼ 0:1 rise time. As it can be observed, after the ar-
rival of the pulse and striking the inclusion a series of patterns re-
sult which becomes more and more complicated as the time
increases. This is due to the reﬂections, refraction and diffractions
of waves caused by the different materials occupying the matrix
and inclusion. The complexity of the response caused by the scat-
tering of a compressional plane pulse by a circular inclusion has
been discussed by Miklowitz (1978).
Fig. 11. The stress distributions in the region 1 6 x2=ð2hÞ 6 1, 1 6 x3=ð2lÞ 6 1, caused by the sudden formation of an H-crack in periodically layered Nicalon/glass
composite that has been subjected to an initial in-plane shear stress r023. The cracks are located in the weak glass layer. (a) Shear stress distribution r23=r023 at time
cGs t=ð2hÞ ¼ 1, (b) normal stress distribution r22=r023 at time cGs t=ð2hÞ ¼ 1.
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composite created by an initial tensile stress
In a recent investigation Ryvkin and Aboudi (2012), the stress
distributions in periodically ceramic layered composites with sev-
eral systems of transverse crack and two longitudinal cracks caused
by static loadings have been investigated. These conﬁgurations sim-
ulate the branching along a weak interface in layered ceramic com-
posites, see Chan et al. (1993) for example. It should be interesting to
study the corresponding elastodynamic case in which an H-crack
suddenly forms at time t ¼ 0 as a result of the initial application ofFig. 12. The stress r12=r012 distribution at time cGs t=ð2hÞ ¼ 1 in the region 1 6 x2=ð2hÞ 6
layered Nicalon/glass composite that has been subjected to an initial out-of-plane sheara tensile loading r022 in the 2-direction. The composite consists of
Nicalon/glass periodic layers (see Table 1) of equal widths tf ¼ tm
and the cracks forms in the weak glass layer. Fig. 10(a) and (b) exhi-
bit the resulting stress distribution r22=r022 in the region
1 6 x2=ð2hÞ 6 1;1 6 x3=ð2lÞ 6 1 at time cGp t=ð2hÞ ¼ 0:5 and 1,
where cGp is the longitudinal wave speed in the glass layer. High
stresses at the vicinity of the longitudinal cracks are obtainedwhich
indicate the existence of theoretical singularities there. For a very
long time t !1, the static case should be recovered. This is shown
in Fig. 10(c)which has been generated by employing the elastostatic
analysis described by Ryvkin and Aboudi (2012).1, 1 6 x3=ð2lÞ 6 1, caused by the sudden formation of an H-crack in periodically
stress r012. The cracks are located in the weak glass layer.
468 J. Aboudi / International Journal of Solids and Structures 50 (2013) 456–4715.4. The sudden formation of an H-crack in periodically layered
composite created by an initial in-plane shear stress
The same conﬁguration of Nicalon/glass periodically layered
composite with H-crack is presently considered, but by assuming
that the cracks are created by an initial in-plane shear stress r023.
The resulting shear stress r23=r023 and the induced normal stress
distribution r22=r023 are shown at time cGs t=ð2hÞ ¼ 1 in Fig. 11(a)
and (b), respectively, where cGs is the shear wave speed in the glass
layer. The induced normal stress r22 exhibits an antisymmetric
proﬁle.5.5. The sudden formation of an H-crack in periodically layered
composite created by an initial out-of-plane shear stress
Finally, the Nicalon/glass periodically layered composite is ini-
tially subjected to out-of-plane shear stress r012. The H-crack sud-
denly forms at time t ¼ 0 and the resulting shear stress at time
cGs t=ð2hÞ ¼ 1 in Fig. 12.
The stress distribution in a layered composite with H-cracks
have been extensively discussed by Ryvkin and Aboudi (2012) in
the elastostatic case where the inﬂuence of the constituents vol-
ume fractions, elastic moduli ratios and H-crack aspect ratios on
the stress ﬁelds are examined, and the shielding effect of the deb-
onding cracks is quantiﬁed. Based on the presently generated
stress distributions created under dynamic circumstances, similar
investigations can be carried out to detect, for example, the weak
locations in a given H-crack conﬁguration at which high stresses
are predicted by the present analysis where failure caused by the
dynamic effects can be expected.6. Conclusions
A novel approach has been developed for the prediction of the
time-dependent elastic ﬁeld generated by the sudden formation
of localized cracks and cavities in initially stressed materials and
layered composites. In addition, this methodology enables the
analysis of the diffraction of waves by cracks, cavities and inclu-
sions. Here no initial stresses exist; rather the dynamic response
has been caused by the application of a time-dependent loading
of a composite with an existing crack or inclusion. The analysis is
based on combining two approaches namely, the representative
cell method and wave propagation in composites analysis. It also
involves continuum damage mechanics considerations where the
terms that involve the damage variables are represented as eigen-
stresses. The reliability of the present approach has been veriﬁed
by comparisons with other method of solutions.
Several applications has been presented which include the
sudden formation of a cavity in elastic material and the diffrac-
tion of waves by a stiff inclusion. In particular, the present the-
ory has been applied to periodically layered ceramic composite
with H-cracks. The H-cracks were assumed to suddenly form
due to an existing initial stress in the periodically isotropic lay-
ers. Once the ability to predict the response of the composite in
this case has been established, it should be possible to extend
this analysis to the more important situation where transverse
cracks appear in a ceramic cross-ply laminate (where each layer
is anisotropic material which effectively represents a unidirec-
tional ﬁber reinforced composite). Under a quasi-static tensile
loading along the axial (0-degree) direction, these transverse
cracks slightly debond the 0=90 interfaces and are arrested, but
further intense loading generates H-cracks. Furthermore, these
cracks appear in a periodic manner. The present dynamic
analysis can be generalized by considering ceramic cross-plylaminates with several H-cracks (Ryvkin and Aboudi (2012)
investigated in the elastostatic case the stress distributions in
the presence of a triple system of H-cracks in a layered ceramic
matrix composite) and generate the resulting time-dependent re-
sponse caused by the sudden application of impulsive loadings.
Such a generalization would form a mean for a non-destructive
evaluation of composite laminates by studying their behavior
under time-dependent loadings.
The offered method can be also extended for the prediction of
the dynamic response of doubly periodic unidirectional ﬁber rein-
forced composites with localized effects such as cracks formation
or partial or full ﬁbers loss. In addition, extensions to non-circular
cavities and inclusions are possible. It is also possible to employ
the present approach for the study of the interaction between a
crack and inclusion or cavity. Finally, the method can be further
generalized to three dimension for the analysis of triply periodic
ﬁbrous composites with, for example, the sudden breakage of a
ﬁber which causes a branching along the ﬁber–matrix interface
(interfacial debonding). A recent review article by Talreja and
Singh (2008) and a book, Talreja and Singh (2012), discuss this
and other types of damage in unidirectional ceramic matrix
composites.
Appendix A. The analysis of two-dimensional wave propagation
in composites with initially imposed stresses and eigenstresses
Consider a periodically layered or a doubly periodic composite
that is initially subjected to externally applied system of stresses
r0 which generate initial strains in the constituents. In addition,
the eigenstresses re in Eq. (4) are accounted to. Subsequently, at
time t ¼ 0 an impulsive tractions and/or displacements loadings
are applied. In this Appendix, a continuum model is developed
for the analysis and prediction of the resulting response of the
composite, limiting the analysis for two-dimensional wave propa-
gation relevant for the present investigation.
In the absence of initial and eigen stresses, this continuummod-
el has been originally presented by Aboudi (1987) and Aboudi
(1988) to deal with speciﬁc types of impactive loading which pre-
serve certain symmetries of the wave motion, but has been gener-
alized by Aboudi and Ryvkin (2011) to accommodate any type of
applied boundary conditions irrespective of whether a symmetry
exists or not.
The derived continuum theory results into a system of
second-order equations in time. This system can be easily solved
by an explicit step-by-step procedure in time, and the resulting
time-dependent displacements and stresses response can be
recorded at any station within the multiphase material.
Consider the case of two-dimensional wave propagation such
that there is no dependence of any ﬁeld variable on the direction
x1. In this two-dimensional theory all variables depend only on
the in-plane coordinates in addition to the time t. The considered
region in which the dynamic response is sought, (which in the
framework of the representative cell approach it is speciﬁed by
2h 6 x02 6 2h;2l 6 x03 6 2l) is divided into Nb  Nc subcells with
b ¼ 1; . . . ;Nb; c ¼ 1; . . . ;Nc. In addition, ðxðbÞ2 ; xðcÞ3 Þ are local coordi-
nates whose origin is located at the center of the subcell ðbcÞ, see
Fig. 1(d).
The displacement ﬁeld in subcell ðbcÞ is approximated by a sec-
ond-order expansion in the local coordinates ðxðbÞ2 ; xðcÞ3 Þ as follows
(hereafter the ’hat’ above the variables has been omitted):
uðbcÞ1 ¼ 0ðbcÞ1j xj þW ðbcÞ1ð00Þ þ xðbÞ2 W ðbcÞ1ð10Þ þ xðcÞ3 W ðbcÞ1ð01Þ
þ 1
2
3xðbÞ22 
h2b
4
 !
W ðbcÞ1ð20Þ þ
1
2
3xðcÞ23 
l2c
4
 !
W ðbcÞ1ð02Þ; ðA:1Þ
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þ 1
2
3xðbÞ22 
h2b
4
 !
W ðbcÞ2ð20Þ þ
1
2
3xðcÞ23 
l2c
4
 !
W ðbcÞ2ð02Þ; ðA:2Þ
uðbcÞ3 ¼ 0ðbcÞ3j xj þW ðbcÞ3ð00Þ þ xðbÞ2 W ðbcÞ3ð10Þ þ xðcÞ3 W ðbcÞ3ð01Þ
þ 1
2
3xðbÞ22 
h2b
4
 !
W ðbcÞ3ð20Þ þ
1
2
3xðcÞ23 
l2c
4
 !
W ðbcÞ3ð02Þ; ðA:3Þ
where 0ðbcÞij are the induced initial strains in the subcell caused by
the initially applied stresses and the time-dependent W ðbcÞið00Þ,
(i ¼ 1;2;3), are the area average displacements in the subcell which
together with the higher-order time-dependent terms W ðbcÞiðmnÞ;
(mþ n > 0); must be determined.
The resulting strain components in subcell ðbcÞ are given by
ðbcÞ11 ¼ 0ðbcÞ11 ;
ðbcÞ22 ¼ 0ðbcÞ22 þW ðbcÞ2ð10Þ þ 3xðbÞ2 W ðbcÞ2ð20Þ;
ðbcÞ33 ¼ 0ðbcÞ33 þW ðbcÞ3ð01Þ þ 3xðcÞ3 W ðbcÞ3ð02Þ;
ðbcÞ23 ¼ 0ðbcÞ23 þ
1
2
W ðbcÞ2ð01Þ þ 3xðcÞ3 W ðbcÞ2ð02Þ þW ðbcÞ3ð10Þ þ 3xðbÞ2 W ðbcÞ3ð20Þ
 
;
ðbcÞ13 ¼ 0ðbcÞ13 þ
1
2
W ðbcÞ1ð01Þ þ 3xðcÞ3 W ðbcÞ1ð02Þ
 
;
ðbcÞ12 ¼ 0ðbcÞ12 þ
1
2
W ðbcÞ1ð10Þ þ 3xðbÞ2 W ðbcÞ1ð20Þ
 
: ðA:4Þ
By averaging the elastodynamic Eqs. (3) over the area of subcell
ðbcÞ, the following three relations are obtained
JðbcÞ2ið00Þ þ KðbcÞ3ið00Þ ¼ qðbcÞ €W ðbcÞið00Þ; i ¼ 1;2;3; ðA:5Þ
where the functions JðbcÞ2ið00Þ and K
ðbcÞ
3ið00Þ which were originally intro-
duced by Aboudi (1987) can be expressed in terms of the surface-
average of the tractions evaluated at the surfaces xðbÞ2 ¼ hb=2 and
xðcÞ3 ¼ lc=2, respectively. Thus,
JðbcÞ2ið00Þ ¼
1
hb
Ti
ð2Þ þðbcÞ
 Ti
ð2ÞðbcÞ
" #
; ðA:6Þ
KðbcÞ3ið00Þ ¼
1
lc
Ti
ð3Þ þðbcÞ
 Ti
ð3ÞðbcÞ
" #
; ðA:7Þ
where the surface-average tractions are given by
Ti
ð2ÞðbcÞ
¼ 1
lc
Z lc=2
lc=2
rðbcÞ2i ðxðbÞ2 ¼ 
hb
2
Þ dxðcÞ3 ; ðA:8Þ
Ti
ð3Þ ðbcÞ
¼ 1
hb
Z hb=2
hb=2
rðbcÞ3i ðxðcÞ3 ¼ 
lc
2
Þ dxðbÞ2 : ðA:9Þ
Next, by consecutively multiplying Eq. (3) xðbÞ2 and x
ðcÞ
3 and aver-
aging the results over the area of the subcell ðbcÞ and integrating
by parts, the following two set of three relations follow:
JðbcÞ2ið10Þ  SðbcÞ2ið00Þ ¼ qðbcÞ
h2b
12
€W ðbcÞið10Þ; i ¼ 1;2;3; ðA:10Þ
KðbcÞ3ið01Þ  SðbcÞ3ið00Þ ¼ qðbcÞ
l2c
12
€W ðbcÞið01Þ; i ¼ 1;2;3: ðA:11Þ
In these equations, the quantities JðbcÞ2ið10Þ and K
ðbcÞ
3ið01Þ can be expressed
in terms of the surface-average tractions as followsJðbcÞ2ið10Þ ¼
1
2
Ti
ð2Þ þðbcÞ
þ Ti
ð2Þ ðbcÞ
" #
; ðA:12Þ
KðbcÞ3ið01Þ ¼
1
2
Ti
ð3Þ þðbcÞ
þ Ti
ð3Þ ðbcÞ
" #
: ðA:13Þ
In addition, SðbcÞijð00Þ denote the volume-average stresses over the sub-
cell, namely
SðbcÞijð00Þ ¼
1
hblc
Z hb=2
hb=2
Z lc=2
lc=2
rðbcÞij dx
ðbÞ
2 dx
ðcÞ
3 ; i; j ¼ 1;2;3: ðA:14Þ
Let the vector SðbcÞð00Þ be deﬁned by the following components of S
ðbcÞ
ijð00Þ:
SðbcÞð00Þ ¼ S11ð00Þ; S22ð00Þ; S33ð00Þ; S23ð00Þ; S13ð00Þ; S12ð00Þ
 ðbcÞ
: ðA:15Þ
Referring to the constitutive Eq. (20), it can be easily veriﬁed in con-
junction with strain components Eq. (A.4) that
SðbcÞpð00Þ ¼ CðbcÞp1 0ðbcÞ11 þ CðbcÞp2 0ðbcÞ22 þW ðbcÞ2ð10Þ
 
þ CðbcÞp3 0ðbcÞ33 þW ðbcÞ3ð01Þ
 
þ CðbcÞp4 20ðbcÞ23 þW ðbcÞ2ð01Þ þW ðbcÞ3ð10Þ
 
þ CðbcÞp5 20ðbcÞ13 þW ðbcÞ1ð01Þ
 
þ CðbcÞp6 20ðbcÞ12 þW ðbcÞ1ð10Þ
 
 SeðbcÞpð00Þ; ðA:16Þ
where the corresponding eigenstress terms are:
SeðbcÞpð00Þ ¼ DðbcÞp1 CðbcÞp1 0ðbcÞ11 þ DðbcÞp2 CðbcÞp2 0ðbcÞ22 þW ðbcÞ2ð10Þ
 
þ DðbcÞp3 CðbcÞp3 0ðbcÞ33 þW ðbcÞ3ð01Þ
 
þ DðbcÞp4 CðbcÞp4 20ðbcÞ23 þW ðbcÞ2ð01Þ þW ðbcÞ3ð10Þ
 
þ DðbcÞp5 CðbcÞp5 20ðbcÞ13 þW ðbcÞ1ð01Þ
 
þ DðbcÞp6 CðbcÞp6 20ðbcÞ12 þW ðbcÞ1ð10Þ
 
: ðA:17Þ
Next, by consecutively multiplying the elastodynamic Eqs. (3)
by x2ðbÞ2 and x
2ðcÞ
3 and averaging the results over the surface of the
subcell followed by integration by parts, the following two sets
of three relations are obtained
h2b
4
JðbcÞ2ið00Þ þ
h2b
12
KðbcÞ3ið00Þ
h i
2SðbcÞ2ið10Þ ¼qðbcÞ
h2b
12
€W ðbcÞið00Þ þ
h2b
10
€W ðbcÞið20Þ
" #
; i¼1;2;3;
ðA:18Þ
l2c
4
KðbcÞ3ið00Þ þ
l2c
12
JðbcÞ2ið00Þ
h i
2SðbcÞ3ið01Þ ¼qðbcÞ
l2c
12
€W ðbcÞið00Þ þ
l2c
10
€W ðbcÞið02Þ
" #
; i¼1;2;3:
ðA:19Þ
In these equations, SðbcÞijðmnÞ are the volume-average ﬁrst moments of
the stresses which are given by
SðbcÞijðmnÞ ¼
1
hblc
Z hb=2
hb=2
Z lc=2
lc=2
ðxðbÞ2 ÞmðxðcÞ3 ÞnrðbcÞij dxðbÞ2 dxðcÞ3 ; i; j ¼ 1;2;3:
ðA:20Þ
It can be easily shown that the relevant components of the vector
SðbcÞðmnÞ;mþ n – 0, that are deﬁned by
SðbcÞðmnÞ ¼ S11ðmnÞ; S22ðmnÞ; S33ðmnÞ; S23ðmnÞ; S13ðmnÞ; S12ðmnÞ
 ðbcÞ ðA:21Þ
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SðbcÞpð10Þ ¼
h2b
4
CðbcÞp6 W
ðbcÞ
1ð20Þ þ CðbcÞp2 W ðbcÞ2ð20Þ þ CðbcÞp4 W ðbcÞ3ð20Þ
h i
 SeðbcÞpð10Þ; ðA:22Þ
SðbcÞpð01Þ ¼
l2c
4
CðbcÞp5 W
ðbcÞ
1ð02Þ þ CðbcÞp4 W ðbcÞ2ð02Þ þ CðbcÞp3 W ðbcÞ3ð02Þ
h i
 SeðbcÞpð01Þ; ðA:23Þ
where the corresponding eigenstress terms are:
SeðbcÞpð10Þ ¼
h2b
4
DðbcÞp6 C
ðbcÞ
p6 W
ðbcÞ
1ð20Þ þ DðbcÞp2 CðbcÞp2 W ðbcÞ2ð20Þ þ DðbcÞp4 CðbcÞp4 W ðbcÞ3ð20Þ
h i
;
ðA:24Þ
SeðbcÞpð01Þ ¼
l2c
4
DðbcÞp5 C
ðbcÞ
p5 W
ðbcÞ
1ð02Þ þ DðbcÞp4 CðbcÞp4 W ðbcÞ2ð02Þ þ DðbcÞp3 CðbcÞp3 W ðbcÞ3ð02Þ
h i
;
ðA:25Þ
and p ¼ 1; . . . ;6.
By substituting Eq. (A.5) in these two equations, the following
relations can be presently established
JðbcÞ2ið00Þ ¼
12
h2b
SðbcÞ2ið10Þ þ qðbcÞ
h2b
20
€W ðbcÞið20Þ; ðA:26Þ
KðbcÞ3ið00Þ ¼
12
l2c
SðbcÞ3ið01Þ þ qðbcÞ
l2c
20
€W ðbcÞið02Þ: ðA:27Þ
Hence, substituting Eqs. (A.26) and (A.27) in (A.5) yields
12
h2b
SðbcÞ2ið10Þ þ
12
l2c
SðbcÞ3ið01Þ ¼ qðbcÞ €W ðbcÞið00Þ 
h2b
20
€W ðbcÞið20Þ 
l2c
20
€W ðbcÞið02Þ
" #
: ðA:28Þ
The surface-average displacements ui
ð2Þ ðbcÞ
and ui
ð3Þ ðbcÞ
are deﬁned by
ui
ð2Þ ðbcÞ ¼ 1
lc
Z lc=2
lc=2
uðbcÞi x
ðbÞ
2 ¼ 
hb
2
	 

dxðcÞ3 ; ðA:29Þ
ui
ð3Þ ðbcÞ ¼ 1
hb
Z hb=2
hb=2
uðbcÞi x
ðcÞ
3 ¼ 
lc
2
	 

dxðbÞ2 : ðA:30Þ
Substitution of the displacement expansions (A.1)–(A.3) in Eqs.
(A.29), (A.30) reveals that these surface-average displacements are
related to the microvariables W ðbcÞiðmnÞ as follows
ui
ð2Þ ðbcÞ ¼W ðbcÞið00Þ 
hb
2
W ðbcÞið10Þ þ
h2b
4
W ðbcÞið20Þ; ðA:31Þ
ui
ð3Þ ðbcÞ ¼W ðbcÞið00Þ 
lc
2
W ðbcÞið01Þ þ
l2c
4
W ðbcÞið02Þ: ðA:32Þ
Manipulation of every pair in these equations results in the
following
W ðbcÞið10Þ ¼
1
hb
ui
ð2Þ þðbcÞ  ui
ð2Þ ðbcÞ
 
; ðA:33Þ
W ðbcÞið01Þ ¼
1
lc
ui
ð3Þ þðbcÞ  ui
ð3Þ ðbcÞ
 
; ðA:34Þ
W ðbcÞið20Þ ¼
2
h2b
ui
ð2Þ þðbcÞ þ ui
ð2Þ ðbcÞ
 
 4
h2b
W ðbcÞið00Þ; ðA:35Þ
W ðbcÞið02Þ ¼
2
l2c
ui
ð3Þ þðbcÞ þ ui
ð3Þ ðbcÞ
 
 4
l2c
W ðbcÞið00Þ: ðA:36Þ
Substitution of Eqs. (A.35), (A.36) in (A.28) yields€W ðbcÞið00Þ ¼
1
14
d2
dt2
ui
ð2Þ þðbcÞ þ ui
ð2Þ ðbcÞ þ ui
ð3Þ þðbcÞ þ ui
ð3Þ ðbcÞ
 
þ 60
7qðbcÞ
1
h2b
SðbcÞ2ið10Þ þ
1
l2c
SðbcÞ3ið01Þ
" #
: ðA:37Þ
Consequently, Eqs. (A.33)–(A.36) establish the following
expressions
€W ðbcÞið20Þ ¼
2
7h2b
d2
dt2
6 ui
ð2Þ þðbcÞ þ ui
ð2Þ ðbcÞ
	 

 ui
ð3Þ þðbcÞ  ui
ð3Þ ðbcÞ
 
 240
7qðbcÞh2b
1
h2b
SðbcÞ2ið10Þ þ
1
l2c
SðbcÞ3ið01Þ
" #
; ðA:38Þ
€W ðbcÞið02Þ ¼
2
7l2c
d2
dt2
 ui
ð2Þ þðbcÞ  ui
ð2Þ ðbcÞ þ6 ui
ð3Þ þðbcÞ þ ui
ð3Þ ðbcÞ
	 
 
 240
7qðbcÞl2c
1
h2b
SðbcÞ2ið10Þ þ
1
l2c
SðbcÞ3ið01Þ
" #
: ðA:39Þ
With the established values of €W ðbcÞiðmnÞ, one obtains from Eqs. (A.26)
and (A.10) that
JðbcÞ2ið00Þ ¼
qðbcÞ
70
d2
dt2
6 ui
ð2Þ þðbcÞ þ ui
ð3Þ ðbcÞ
	 

 ui
ð3Þ þðbcÞ  ui
ð3Þ ðbcÞ
 
þ 72
7h2b
SðbcÞ2ið10Þ 
12
7l2c
SðbcÞ3ið01Þ; ðA:40Þ
and
JðbcÞ2ið10Þ ¼
qðbcÞhb
12
d2
dt2
ui
ð2Þ þðbcÞ  ui
ð2Þ ðbcÞ
 
þ SðbcÞ2ið00Þ: ðA:41Þ
Similarly, Eqs. (A.27) and (A.11) result in
KðbcÞ3ið00Þ ¼
qðbcÞ
70
d2
dt2
 ui
ð2Þ þðbcÞ  ui
ð2Þ ðbcÞ þ6 ui
ð3Þ þðbcÞ þ ui
ð3Þ ðbcÞ
	 
 
 12
7h2b
SðbcÞ2ið10Þ þ
72
7l2c
SðbcÞ3ið01Þ; ðA:42Þ
and
KðbcÞ3ið01Þ ¼
qðbcÞlc
12
d2
dt2
ui
ð3Þ þðbcÞ  ui
ð3Þ ðbcÞ
 
þ SðbcÞ3ið00Þ: ðA:43Þ
From Eqs. (A.6)–(A.13), the surface-average tractions can be ob-
tained as
Ti
ð2Þ ðbcÞ
¼ hb
2
JðbcÞ2ið00Þ þ JðbcÞ2ið10Þ; ðA:44Þ
Ti
ð3Þ ðbcÞ
¼  lc
2
KðbcÞ3ið00Þ þ KðbcÞ3ið01Þ: ðA:45Þ
Consequently, Eqs. (A.40)–(A.43) yield that
Ti
ð2Þ ðbcÞ
¼ q
ðbcÞhb
140
d2
dt2
6 ui
ð2Þ þðbcÞ þ ui
ð2Þ ðbcÞ
	 

 ui
ð3Þ þðbcÞ  ui
ð3Þ ðbcÞ
 
þq
ðbcÞhb
12
d2
dt2
ui
ð2Þ þðbcÞ  ui
ð2Þ ðbcÞ
 
 36
7hb
SðbcÞ2ið10Þ 
6hb
7l2c
SðbcÞ3ið01Þ
" #
þSðbcÞ2ið00Þ
ðA:46Þ
and
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ð3Þ ðbcÞ
¼ q
ðbcÞlc
140
d2
dt2
 ui
ð2Þ þðbcÞ  ui
ð2Þ ðbcÞ þ6 ui
ð3Þ þðbcÞ þ ui
ð3Þ ðbcÞ
	 
 
þq
ðbcÞlc
12
d2
dt2
ui
ð3Þ þðbcÞ  ui
ð3Þ ðbcÞ
 
  6lc
7h2b
SðbcÞ2ið10Þ þ
36
7lc
SðbcÞ3ið01Þ
" #
þSðbcÞ3ið00Þ:
ðA:47Þ
These two sets of 12 equations provide the desired relations
between the surface-average tractions and the second-order time
derivatives of the surface-average displacements and the volume-
average stresses and stress moments.
These equations can summarized in the compact form
T1
ð2Þ þ
T1
ð2Þ 
T2
ð2Þ þ
T2
ð2Þ 
T3
ð2Þ þ
T3
ð2Þ 
T1
ð3Þ þ
T1
ð3Þ 
T2
ð3Þ þ
T2
ð3Þ 
T3
ð3Þ þ
T3
ð3Þ 
8>>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>>:
9>>>>>>>>>>>>>>>>>>>>=
>>>>>>>>>>>>>>>>>>>>;
ðbcÞ
¼ K1½ ðbcÞ d
2
dt2
u1
ð2Þ þ
u1
ð2Þ 
u2
ð2Þ þ
u2
ð2Þ 
u3
ð2Þ þ
u3
ð2Þ 
u1
ð3Þ þ
u1
ð3Þ 
u2
ð3Þ þ
u2
ð3Þ 
u3
ð3Þ þ
u3
ð3Þ 
8>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>:
9>>>>>>>>>>>>>>>>>>=
>>>>>>>>>>>>>>>>>>;
ðbcÞ
þ L1½ ðbcÞ
S21ð00Þ
S22ð00Þ
S23ð00Þ
S31ð00Þ
S32ð00Þ
S33ð00Þ
S21ð10Þ
S22ð10Þ
S23ð10Þ
S31ð01Þ
S32ð01Þ
S33ð01Þ
8>>>>>>>>>>>>><
>>>>>>>>>>>>>:
9>>>>>>>>>>>>>=
>>>>>>>>>>>>>;
ðbcÞ
;
ðA:48Þ
where b ¼ 1; . . .Nb; c ¼ 1; . . . ;Nc and K1½ ðbcÞ is a 12 12 matrix
whose elements depend on the dimensions of the subcell ðbcÞ and
the properties of the material ﬁlling this subcell, whereas L1½ ðbcÞ is
a matrix of the same dimensions whose elements depend on the
dimensions of the subcell.
The continuity of tractions between the subcells are
Ti
ð2Þ þðbcÞ
¼ Ti
ð2Þ ðbþ1;cÞ
; i ¼ 1;2;3; b ¼ 1; . . . ;Nb  1; c ¼ 1; . . . ;Nc;
ðA:49Þ
Ti
ð3Þ þðbcÞ
¼ Ti
ð3Þ ðb;cþ1Þ
; i ¼ 1;2;3; b ¼ 1; . . . ;Nb; c ¼ 1; . . . ;Nc  1:
ðA:50Þ
For perfect bonding between the subcells
ui
ð2Þ þðbcÞ ¼ ui
ð2Þ ðbþ1;cÞ
; i ¼ 1;2;3; b ¼ 1; . . . ;Nb  1; c ¼ 1; . . . ;Nc;
ðA:51Þ
and
ui
ð3Þ þðbcÞ ¼ ui
ð3Þ ðb;cþ1Þ
; i ¼ 1;2;3; b ¼ 1; . . . ;Nb; c ¼ 1; . . . ;Nc  1:
ðA:52Þ
In the present implementation of this theory in the complex trans-
form domain there are 24NbNc unknowns: d
2
dt2
ui
ð2Þ ðbcÞ
,
d2
dt2
ui
ð3Þ ðbcÞ
; i ¼ 1;2;3. On the other hand, the interfacial tractions
and displacements conditions (A.49)–(A.52) provide 12ðNbNc  NcÞand 12ðNbNc  NbÞ relations. Finally, the boundary conditions
(22)–(25) provide 12Nb þ 12Nc relations. Thus the total number of
equations is 24NbNc.
The resulting systemof equations canbe formally represented by
A€XðtÞ ¼ BðtÞ; ðA:53Þ
where A is a matrix the order of which is 24NbNc whose elements
are the material parameters and geometric dimensions, and BðtÞ
consists of time-dependent elements that involve the stresses and
the imposed Born–von Karman type boundary conditions at time t.
A central ﬁnite difference of a second order accuracy in the time
increment Dt reduces this ordinary differential equation to the fol-
lowing explicit form
Xðt þ DtÞ ¼ 2XðtÞ  Xðt  DtÞ þ ðDtÞ2A1BðtÞ ðA:54Þ
from which the variables can be computed at time t þ Dt from their
known values at times t and t  Dt. This procedure is continued to
the next time increment. Stability of this ﬁnite difference procedure
is ensured by a proper choice of the value of the time increment Dt.
It should be noted that since Eq. (A.54) is presently implemented in
the transform complex domain, the number of algebraic equations
involved in this system (excluding a possible application of a con-
densation procedure) is 24NbNc.
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